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Abstract. In this short note, we show a uniqueness result of the energy 
solutions for the Cauchy problem of Schrodinger flow in the whole space 
R" provided there is a smooth solution in the energy class. 
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1. Introduction 

Uniqueness problem for weak solutions of nonlinear evolution system is an 
important and hard topic. In this short note, we study the uniqueness result 
for Schrodinger (map) flow from R^ x [0, +00) — > S"^ (since we have no inten- 
tion to make survey on this topic, we refer to [5], [2], and [1] for more physical 
background and results from K.Uhlenbeck, C.Terng, J.Shatah, C.E.Kenig, 
T.Tao, D.Tataru, A.D.Ionescu, and others). Here 5^ is equipped with the 
standard metric. By definition, the Cauchy problem of the Schrodinger map 
flow is a smooth mapping 

u : R2 X [0, +00) 52 

satisfying 

(1) ut = u X Au, in B? x [0, +00), 

with the Cauchy data 

u\t=Q = no, 

where An = ^ is the usual Laplacian operator in B?. Here and there- 
after, we use the sum convention. From the equation ([1]) we can easily see 
that for the regular solution n, the energy 

E{u{t)) = - [ |Vn(t)pdx = E{u{0)) 

is conserved. In fact, from the fact 

(ut, An) = (n X An, An) = 0, 
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we derive that 

/ ^E{u{t)) = f {Vu,\/ut) = - f {Au,ut) = 0. 

Another useful form of the equation ([1]) is 

(2) — Au — u\Vuf = u X ut- 

Some people like to use another form. If we compose u with a stereographic 
projection vr such that z{x,t) = tt ou{x,t) G R^, then we have 

izt — Az = ~^—n^djzdjZ. 

1 + \z\^ 

We say that the mapping 

is an energy class solution (and also called the weak Schrodinger flow) if v 
satisfies ([TJ in the distributional sense and the energy inequality 

E{v{t)) < E{v{s)), for allt> s>0. 

We denote by R+ = [0, +oo), Du = (Vn, ut), and {A, B, C) the determi- 
nant of the matrix formed by the ordered column vectors A, B, C. We have 
the following uniqueness result. 

Theorem 1. Let 



with 
and 



!Z)HgL^,([0,oo),L~(R2)) 



V G X [0,+oo);S^), with \Dv\ G L;^c([0, +oo); L°°(R2)) 

be (weak) solutions to ([7p with the smooth Cauchy data uq. 

Assume that |Vno| has compact support. Then u = v. Furthermore, the 
same result is true for any Euclidean space R" in place of the plane R^. 

We remark that the assumption about the L°° bound of the t-derivative vt 
is equivalent to |At;|(t) G L°°(R^) by using the Schrodinger map flow equa- 
tion (l2|). We remark that Theorem [1] in the plane case can also be derived 
from a result in [3]. It seems to us that L°° bound of the t-derivative vt is 
very stronger. However, our assumption in dimension two can be weaken by 
using the Ladyzhenskaya's inequality. Recall here that the Ladyzhenskaya's 
inequality ([!]) is the following one. For any w G Co(R^), 

lkPlL2{R2) < C'klL2{R2)|Vw|L2(R2). 

We point out that similar results for wave equation and wave maps have 
been obtained by M.Struwe [7\ and here we use the similar Gronwall in- 
equality method. One may also see the paper [7] for more related results. 
Similar result for Schrodinger system has been obtained in [6]. The new 
ingredient in our proof is the simple growth oi v — u and its derivatives. 
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In the following, we denote by C the various constants, which do not depend 
on time variable t. 



2. Proof of Theorem [T] 

For simple presentation, we just give the proof for n = 2. The general 
case can be treated in the same way. 

Write V = u + w. Note that |np = 1 = jvp. So, ut ■ u = = v ■ vt- 
Consider 

-— / \w\ dx = w wt- 

Note that 

w ■ Wt = w ■ V X Av — w ■ u X An = w ■ u x Aw. 

Then 

d f , ,2 , f , 
-— / \w\ ax = [w X u) ■ Aw. 

2 dt J^2 7r2 

Using the integrating by part, the latter term can be bounded by 

<C [ {\Vw\'^ + [u-p). 

Hence, we have 

(3) / \w\^dx{t)<C I dr [ {\Vwf + \w\^). 

iR2 Jo iR2 

We clearly have that 

E{v) = E{u)+I + E{w), 

where 

/ = {dE{u),w) = Vn • Vwdx. 

yR2 

Hence, 

(4) > E{v{t)) - E{v{0)) = I{t) - /(O) + E{w{t)) - E{w{0)). 
Consider 

(5) I{t) - /(O) = [ dr [ dt{Vu ■ Vw)dx. 

Jo Jr? 

Then we have 

dr [ [{Au) ■ Wt + {Aw) ■ Ut], 
Jn? 
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which can be written as 

dlD = [ dr [ wt ■ [u\Vuf - v\Vv\'^ + u X ut - V X vt] 
Jo iR2 

dr wt ■ [njVtip — vjVvp — w x ut] 
iR2 

dr / [wt ■ (n|Vtip - v\Vvf) + {w, Wt,Ut)] 

after using the relations 

Wt ■ Au = —Wt ■ (ti|Vnp + u X Ut), 

and 

Ut ■ Aw = Ut • Av — Ut • Au 

= —Ut ■ (u|Vf p + V X vt) 
= Wt ■ (u|Vvp + V X Vt). 
We now bound each term case by case. Using 

wt = V X Aw + w X Au, 

we have 

dr / {w,wt,ut) = dr {w,v x Aw,ut) 



JR2 Jo JR2 

dr {w X ut,v, Aw) 
iR2 

Upon integrating by part, we have 



dr / {w X ut,v,Aw)\ < C dr {\Vw\ + \w\ )dx. 

J-R? Jo iR2 

To bound other terms, we notice the relation that 

v|Vvp - nlVup = w\Vvf + ti(|Vt;|^ - |Vn|^). 

Using 

Wt = V X Aw + w X Au, 

again, we have 

• (v|Vvp - nlViip) = {v X Aw + w X Au) ■ wlVv]"^ + 

{v X Aw + w X Au) ■ ti(|Vi;p - |Vnp) 
= {v X Aw + WX Au) ■ w\Vv\'^ + 
V X Aw ■ u{\Vvf - iViip) 
+w X Au ■ u{Vw ■ V(n + v)) 
= {v X Aw + w X Au) ■ w\Vv\'^ + 
w X Aw ■ u{\\/v\^ - |Vnp) 
+w X Au ■ u^Vw ■ V(n + v)). 
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which imphes that upon integrating by part, based on a regularization ap- 
proach, 

\ [ Wf {v\Vv\^ - u\Vu\^)\ < C{E{w) + \w\l). 
Then using ([4]), we have 

1/(0-^(0)1 <C f{E{w) + \w\l), 
Jo 

and we have 

E{w{t)) < E{w{0))+C [ {E{w) + 

Jo 

This estimate gives us the stability result for the Schrodinger map flow. 
Note that E{w{0)) = 0. Combining this with ([3]), we have 

E{w{t)) + \w\l{t) <C [ {E{w) + \w\l). 
Jo 

By the Gronwall inequality, we have 

w = 0, and u = v. 
This completes the proof of Theorem [TJ 
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